ON FUNCTIONS SUBHARMONIC IN A HALF-SPACE(})

BY
ALFRED HUBER

1. Introduction. The present article is devoted to the study of functions
which are subharmonic in a half-space and whose upper limit is non-positive
at the finite boundary points. Our method originated from a remark of Pro-
fessor A. Weinstein. He pointed out to us that the following property of har-
monic functions is implied by the correspondence principle [16; 17] for gen-
eralized axially symmetric potentials: The function u(xi, %3, + + -, Xn) 1§
harmonic in the half-space x,>0 if and only if the function v(f1, &, - - -,
bapr)=u(Ey, bo, + - vy Enory (B H 8 842) V) /(G- £+ B y2) V2 is harmonic in
the corresponding domain in (n+2)-dimensional 'space(?).

2. The method. Let R* (n=2) be an n-dimensional Euclidean space the
points of which will be denoted by x = (x1, xe, - * * ,%n) OTYy=(Y1,¥2, * * *, ¥n)-

DEFINITION. The function u(x) is said to be of class A if and only if the
following conditions are fulfilled: (1) u is defined and subharmonic in the half-
space H=E[x|x,>0]; (2) u satisfies

(2.1) lim sup #(x) = 0 (x € H)

at all points y of the boundary D=E [x] xa=0].

It is convenient to introduce further an (#-2)-dimensional space Pnt+?
(n=2) whose points will be denoted by £=(&, &, - - -, Enpe) or n=(m1,
M2y ° 0y 77_»+2)°

DEFINITION. The function v(£) is said to be of class B if and only if the fol-
lowing conditions are fulfilled: (1) v is defined and subharmonic in the whole
space P™t2; (2) v is symmelric with respect to the subspace A=E[£[£,2.+£f,+,
+£242=0], i.e. depending only on £y, &, - - -, En-1 and (Ei+E0s+HE0i2) V2

Our method is based on a simple one-to-one correspondence between these
two classes which enables us to reduce problems concerning functions of
class A to questions about functions of class B.

LEMMA. The transformation v(£) = S[u(x) ], defined by

Received by the editors June 2, 1955.

(*) This research was supported in part by the United States Air Force under Contract
No. AF 18(600)-573 monitored by the Office of Scientific Research, Air Research and Develop-
ment Command.

() A direct calculation yields Au(x) = (Ei+$: " +$:+,)‘/_’Av(£), where A denotes the Laplacian
and xy=by, Xe=fs, * ¢+, Xnp1=a1, Xn= (E:+E:+l+€:+,)”’
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1/2

(2.2) 9®) = wlEy £ -+, Eacty (b + Eops + Ense) )/ (& + Ensr + Engd)
for EEP2—A, and by

(2.3) (§) = lim sup v(n) (n € Pr+2 — A)
7

for EEA, establishes a one-to-one correspondence between the two classes of func-

tions A and B. The inverse T of S is given by

(24) u(x) = T['U(E)] = x,.‘v(xl, X2y * * ¢ Xn—1y, Xn, 0» O)

REMARK. It is evident from the following proof that this lemma remains
valid, if the class A is replaced by the set of functions which are defined and
subharmonic in H(R;, R:) =HNE[x| Ri<|x| <R:], where |x| =(2_7 x})V2,
and satisfy (2.1) for all points y on D(Ry, R;) =DNE [xl Ri< | x| <Rs]. At the
same time B must be replaced by the class of functions which are defined and
subharmonic in Q(Ry, Rs) =E[§| Ri< || <R.], where |£]| =(D_7"%)"2, and
are symmetric with respect to A. The values 0 for R; and « for R, are ad-
mitted. This will be used in the proofs of Theorems 1 and 4.

Proof of the lemma. Let u(x) be an arbitrary function of class A. We
first prove that v(£) = S[u(x) ] is subharmonic in P»*2—A. In the case where
u is sufficiently regular, e.g. possesses continuous partial derivatives up to
the second order, this can be verified by straightforward differentiation(?). A
general function u of class A can be represented (on any subcompact of H)
as the limit of a nonincreasing sequence {u:} of regular subharmonic func-
tions. The functions v, =S [ux] are subharmonic. Obviously, v | v for k—.
Hence v is subharmonic in Pr+2—A.

Furthermore, we demonstrate that v is bounded from above in the neigh-
borhood of any subcompact of A. In order to prove this we consider, for any
given R>0, the least harmonic majorant k3z(x) of the function #+=max [,0]
in the domain HN [I x| <2R]-hjz(x) assumes the boundary value 0 on
DN [| x| <2R]. From this follows easily that there exists a constant C(R) < «
such that u(x) Sut(x) £ hip(x) < C(R)x, in a neighborhood of DN\ [|x| <R].
In the corresponding neighborhood of AN [|£| £R] we then have v <C(R) as
stated.

Therefore, v is now known to be subharmonic in P»*?—A and bounded
from above in the neighborhood of any subcompact of A. Since A is of capacity
zero, we can apply a theorem of M. Brelot [3, p. 31] and conclude that v can
be continued into A as a subharmonic function. (One of Brelot’s hypotheses,
namely the boundedness of the exceptional set, is not fulfilled. However, the
reader will easily convince himself that one can get rid of this assumption by
trivial modifications in Brelot’s argument.) The continuation is uniquely
determined and given by (2.3). Hence v=S[«] is of class B.

Let v(£) be an arbitrary function of class B. Then u(x) =T [v] is subhar-
monic in H. If v is sufficiently regular, this can be verified by differentiation.
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The general case can again be treated by introducing an approximating se-
quence. Obviously (2.1) is fulfilled. Consequently, « is of class A.
It is evident that the transformations S and T are inverse to each other.

They establish a one-to-one correspondence between the classes A and B.
Q.E.D.

We introduce the following notations:
. =E[t]| |&] =r], S, =E[z]||x]| =7],

and w,=27"?/T'(n/2) (area of the (n—1)-dimensional unit sphere).

3. Properties of a mean value. Let u(x) be subharmonic in H(R;, R,)
and satisfy (2.1) for all yED(Ry, R;). We consider the corresponding function
v(£) = S[u], which is subharmonic in (R, Re).

A well known theorem of F. Riesz [12] states that the mean value

3.1) AW ) = ) (a0

- 2,m+1

is a convex function of r—» (R; <r <Ry), i.e.

i A(r) 1
(3.2) r* A(r) 1|20
ry® A(fz) 1

holds for any three radii 7, 7, and r; satisfying the inequality R, <r; <r<r;
< Rs. It is easy to verify that

(3.3) A(v;r) =

f l%x:ds,(x) _ 2n m(r) )
8

Oyt g, %a W, T

Here we adopt the usual definition

3.4) m(r) = fs %(x) sin ¢dS1(x),

r

where sin ¢ =x,/r and dSi(x) =dS,(x)/r*! is the central projection of the
surface element dS,(x) on S;. Inequality (3.2) is equivalent to each one of the
following three relations:

m(r) rn/2—1 rnl2 ’—0/2

/2—1 2 —n/2
3.5) m(r)r n o zo,
n/2—-1 n/2 —n/2
m(fg)fg 18] 72

it om(r)/n 1
(3.6) r~ mn/r 1|20,

re® m(ry)/rs 1
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n

r r:—lm(rl) 1
3.7 ™ rIm(r) 120

—1
r 12 m(ry) 1

We thus have proved:

THEOREM 1. Let u(x) be subharmonic in H(Ry, Re) and satisfy (2.1) on
D(Ry, Ry). Then the function m(r), defined by (3.4), has the following properties:
1) m(r)/r is a convex function of r—; (2) r»~'m(r) is a convex function of r~(*).

By comparison of formulation (3.5) with Theorem 7 in [1] we observe
that this is a well known result of L. Ahlfors in somewhat extended form. The
greater generality consists in the fact that we neither limit ourselves to non-
negative functions #, nor do we—and this would be equivalent—replace u
by #*=max [u, 0] in the definition of m(r). For this reason results of A.
Dinghas [5; 6] and M. Tsuji [14] are also contained in Theorem 1. These
authors discussed the behavior of the mean value m(r) of functions which are
positive and harmonic throughout H. Their results follow from our state-
ments if we restrict ourselves to functions % which are negative and harmonic
throughout H, and formulate the conclusions for (—#). The same remark
applies to Theorem 2 (below)(%).

The statements of Theorem 1 are the best possible in the following sense:
given any convex function ¢(t), 0= <t <f < =, there exists a function u(x)
with the following properties: (a) # is defined and subharmonic in H(tV,
trVn); (b) u satisfies (2.1) on D(tz'», trYn); (c) m(r)/r=¢(r—"). Indeed, the
function u(x) =T [v], where v(§) = (2n/w )¢ (| £| =), fulfills all of these condi-
tions. It is even possible to construct examples which show that the postulate
(a) may be replaced by: (a’) % is defined and harmonic in H(t5V», ti1n).
These functions illustrate the accuracy of statement (1) in Theorem 1. One
can construct corresponding examples for statement (2) in an analogous way.

Suppose now that % is of class A. Then v=S[u] is of class B and, by a
well known property of subharmonic functions, 4(v; 7) is a nondecreasing
function of . We thus have:

THEOREM 2. Let u(x) be subharmonic in H and satisfy (2.1) on D. Then
m(r)/r, m(r) being defined by (3.4), is a nondecreasing function of r.

This is a classical theorem of L. Ahlfors [1]. He derived it for positive
harmonic functions of class A as a consequence of the convexity property of

(%) Since the inequalities (3.6) and (3.7) follow from each other, the statements (1) and (2)
are equivalent. Seemingly this fact has never been pointed out before.

(*) Added February 20, 1956. In a more recent publication (C.R. Acad. Sci. Paris vol. 237
(1953) pp. 594-595) A. Dinghas has announced further results in this field. These can also be
derived by the method used in this article.
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m(r)/r. Further proofs are contained in the articles of A. Dinghas [5] and
M. Heins [8](5).

So far only elementary properties of subharmonic functions have been
applied. We shall now make use of deeper results, such as the Riesz decom-
position theorem.

4. Representation theorems. Let us first consider a function #(x) which
is defined in H, subharmonic and nonpositive. Obviously, % is of class A. The
corresponding function v(§) =S[«] is nonpositive throughout P=+2,

In any given sphere |£| <r (r>0) we have the Riesz decomposition [12,
I1, p. 357]

(4.1 W) = h® = [ e ndute.
Inl<r

Here h.(£) is the least harmonic majorant of »(£) in [.E] <r, v.(& 7) denotes
Green's function for this domain and u(e,) is a non-negative Borel measure.

Let 7 / . Then, for any fixed pair of points £ and 7, v.(§, 1) / | 5—17' -,
where £—n=(&1—n1, - - -, Eny2— Nnye). Furthermore, {h,(E)} is a nondecreas-
ing sequence of nonpositive harmonic functions. It tends to a limit function
which is nonpositive and harmonic throughout P*+2, therefore a constant.
Hence

(4.2 o = o~ [ le="nlmducen.

We observe that the measure u is symmetric with respect to A, i.e. u(e,)
=pu(e, ) holds whenever the set e, can be transformed into e,/ by a rotation
of the space P**? around O which leaves A invariant. This property of u
follows at once from the corresponding symmetry of v and the well known
fact that u is uniquely determined by .

We are now going to determine the representation of u(x) which cor-
responds to (4.2). It is convenient for this purpose to decompose the measure
pinto a sum u =1 +pe, i1 and us being of support A and Pr+2—A, respectively.
If we put

(4.3) v = f | E—n I‘”dul(en),
A
we obviously have
(4.4) T[v] = = f | 2 — y|—"dvi(ey),
D

the measure v, being defined by

(%) Professor M. Riesz kindly drew our attention to another (unpublished) proof by L.
Gaérding and B. Kjellberg. Their method is different from the one used in this paper.
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vi(ey) = I-‘l(E[ﬂI M= 5Y,"" M1

(4.5) 2 2 2
= Yoty M+ g1 T g2 = 0,y € e,,]).

Moreover, defining

(4.6) vy = flm [ £ — 7|~"duae,),
—A

we state that
.7) 7] = [ gl (e,
H

where g(x, y) denotes Green's function for H and », is given by
va(e)) = (n/ymms(Eln| = y1, -+, maa
2 2 2 2
= Yn—1y Nn + Nn+1 + Nat2 = Yny Y E 8,,]),

where N\;=1/2 and A\,=1/2(n—2) for n=3. In order to demonstrate (4.7),
we first consider a fixed point yo and assume that u. consists of the unit mass,
distributed uniformly over the set

(4.8)

2 2 2 2
F(yo) = E[’ll N1 = Y10, * * * y Ma—1 = Yn—1,0) Mn + Na+1 + Nat2 = yno]-

In this case we have
1 [ 3 n—1
vy = 7[ sin ldl/l: Z (& — yio)2 + E: + E:+1 + E:+z
0 1

n/2
+ yio — 2ymo(Er 4 Eor + Eoae)”” cos t] :

This formula was obtained by direct calculation. It can be verified a posteriori
by the following simple reasoning. The potential v;(£) is uniquely determined
by the following properties: (1) v, is harmonic in P*+2—T'(y0); (2) vz is sym-
metric with respect to A; (3) v2(§) = [ 27" (&i—¥u)2+¥n0 ]2 on A. This is
implied by the identification principle of A. Weinstein [16]. It is easy to see
that the above expression satisfies all of these conditions. For =3 we con-
clude that

Ifon] x"f' sin tdt
el = 2J, H = Yo I2 + 2%nyn0(1 — cos B ]2

1 1 1
PR S S S ]
@ A P e | PR R L
_ g(x, y0) .
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An analogous formula holds for n=2. (4.9) is a special case of (4.7) from
which the general case can easily be deduced.

Since v =c—v,—v,, we have u =cx,— T'[;] — T'[v:] and, by (4.4) and (4.7),
we arrive at thie following result:

THEOREM 3. A function u(x) which is subharmonic and nonpositive through-
out H admits the representation

(4.10)  (®) = cxn — 7 fD | v = y|rdnle) — fﬁg(x, idva(es),

where v, and vy are non-negative Borel measures, of support D and H, respectively,
g denotes Green's function for H, and ¢ is a nonpositive constant.

This theorem is well known. In the case # =2 it has been demonstrated by
M. Riesz [13, p. 10], J. L. Doob and B. O. Koopman [7], S. Verblunsky
[15], A. Dinghas [5], M. Tsuji [14] and by L. H. Loomis and D. V. Widder
[10](®). The extension to higher dimensions has been published by A.
Dinghas [6] and by J. Lelong-Ferrand [9]. These articles contain proofs of
the representation for harmonic functions #(x) from which the general case
can easily be inferred making use of a result of F. Riesz [12, II, p. 357].

The constant c is closely connected with the mean value considered in §3.
For, by the definition of %4.(¢) and the Gauss mean value theorem, we have
h,(0) =A(v; r). Hence, by (3.2),

2n m(r)
(4.11) ¢ = lim 4,(0) = — lim .
> Wp 1o T
This is a result of A. Dinghas [5; 6].

It is easy to see that the proof of Theorem 3 can still be carried through
if the hypothesis # <0 is replaced by u+(x)=0(|x|) for |x|-—>oo. In this
case ¢ becomes an arbitrary real constant. (4.11) remains valid.

We shall now derive representation theorems of a more general type. Our
method will be the same as the one employed above except that, instead of
applying the Riesz decomposition theorem, we shall make use of a generaliza-
tion due to M. Brelot [4] (see also A. Pfluger [11]). For the sake of simplicity
we shall limit ourselves from now on to the case n=2.

Let us consider a function #(x) which is defined and subharmonic in
H(R, =) and satisfies (2.1) on D(R, »). We further assume that u(x) is
of order less than p at infinity, where p is a positive integer, not less than 2.
By this we understand that there exists a number ¢ <p such that

(4.12) u+(x)=o([xl4) for |x!——)oo,

where ¥+ =max [u, 0].

(®) We are indebted to Dr. K. C. Hsu for pointing out to us several of these references
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The relations (3.2), (3.3), and (4.12) imply
(4.13) A(vt; r) = o(rY) forr — o,

where v*=max [S[«], 0]=S[u+]. Let R,>R be given arbitrarily. By a
theorem of M. Brelot (Theorem 2’ in [4]), v admits the representation

(4.14) o()) = h(®) — f [|E—nl_2— 3 Chcos weq)léik|nl—k_2]d#(6q)
Q(Ry,0)

k=0

in Q(R;, ). Here k(£) denotes a function which is harmonic in Q(R,, =),
symmetric with respect to A, and which satisfies £(§) = O(I EI »—2) for |£ | — 0,
u is a non-negative Borel measure, symmetric with respect to A. The Ci’s
are Gegenbauer polynomials (see e.g. [18, p. 329]), defined as the coefficients
of the development

1 —-2s+ )" = 3 Cilaer.
k=0

Finally, cos wg= 24 £m:/| €| |n].

In order to obtain a representation for «=T[v] we shall now apply the
transformation T to the right-hand side of (4.14). We find it convenient to
consider the space R? as a complex number plane, putting x=x-+1ixs,

=141y, etc.

It follows from the properties of & that T'[k] is defined and harmonic in
H(R,, =) and assumes the boundary value 0 on D(R;, »=). If we continue
T[%] across D(R,, ») as an odd function of x;, we obtain a function which is
defined and harmonic in the region |x|>R.. Since furthermore T[]
=0(| x| #*) for x— =, we conclude that T[4] can be represented in the form

p—1

(4.15) T[k] = Im > axx*
k=—a0

with real-valued coefficients ax (k=p—1, p—2, ).

We decompose u=p;+pus, u1 and ps being of support Q(R,, «)NA and
Q(R,, ©)—A, respectively. Let

(4.16) wy = f K(&, n)dumes)
Q(R1,0)

and

@.17) w, = f K(&, m)dus(ey),
Q(Ry,0)—A

where K(&, 1) = |£-71|‘2— 3222 Cl(cos wg,,)|£] "] n["”z. We state that
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xk

1
-2

y— 1 yk+1

. 4.1 T 1 =I dVl v
(4.18) [:] = Im D(Rm)[ ] ()

and

p—1 k(ok — k
4.19)  T[w] = f“ )[g(x, » ~ Re 3 f—%m“—y)]dy,(e,),
(B, 1

where »; and »; are given by (4.5) and (4.8), respectively, and §=y1—1y;
denotes the conjugate of y.

We begin the proof of (4.18) with the consideration of a special case. Let
p1 be the unit mass, concentrated in an arbitrarily chosen point 7o = (y10, 0,
0, 0) on Q(R;, ©)NA. Then w;=K(£, no), i-e. w; is the function |£—no|—2
diminished by the terms of order <p—2 of its Taylor development around 0.
Now, it is quite obvious that if we apply the transformation T to a function
which is analytic (in the variables &, £, & and &) in the neighborhood of the
origin in P4, then we obtain a function which is analytic (in the variables x,
and x) in the neighborhood of the origin in R2% Furthermore, the Taylor
series may be transformed term by term. Therefore, the sum of the terms of
order =p—2 in the development of l£—170| —2?is transformed into the sum of
the terms of order <p—1 in the development of

T[] &= no[™2] = %] = — 302

where yo=(y10, 0). (The increase in order is caused by the factor x; arising
from (2.4).) But since, in complex notation,

X9 1 © xk 0 xk
e m—— =ImY — =Im
| £ — 3l yo— % fzyé‘*‘ rg,y#“’

we conclude that

T[w,]=1m[ S ’f;]

Yo — % k=1 Yo

This proves (4.18) for the considered special measure p;. It is easy to extend
the result to the case of a finite number of concentrated masses. Finally, a
limiting process establishes (4.18) in its full generality.

The verification of (4.19) is quite analogous. We begin with a special case.
Let yo&H(R,, «) be chosen arbitrarily. Suppose then that u, consists of the
unit mass, distributed uniformly over the set I'(yo). The function w. is defined
as the potential [rqy| E—nl —2dus(e,) diminished by the terms of order
<p—2 of its Taylor development around 0. Let g denote Green's function
for H. Making use of (4.7) we conclude that T'[w,] is obtained by subtracting
from the function g(x, y0)/2y20 those terms of its Taylor development around
0 which are of order =p—1. Since
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g(x, y0) = log | & — 50| —log | x — 3]
x X
= Re {log(l -—T)—log (1 ——)}
Yo ) Yo

—Re{E——Z } Ex(yo—yo)’

w1 kY ko RPE Bl k' on“‘
it follows that

T[w.] =

(46530 - Re 2 m—m}

it k| o

Y20

This is the desired result for the special case. It is easy to proceed now to the
general formula (4.19).

Clearly v=h—w —w,. Hence u=T[h]—T[w]—T[w,] and, by (4.15),
(4.18), and (4.19), we obtain

THEOREM 4. Let u(x1+1x2) be defined and subharmonic in H(R, ) and
satisfy (2.1) on D(R, ). Suppose further that u is of order less than p at in-
finity, where p is a positive integer =2. Then, given any Ri> R, the following
representation holds in H(R,, )

p—1
w(x) = Im Y azx* — Im [
k=—c0 D(Rj,%)

-5 e

y— = k=1 Y

»—1 k(gk — k
- I:g(x, y) — Re X M] dvy(ey).

H(Ryi0) k=1 | y|2*

(4.20)

Here vy and v, denote non-negative Borel measures, of support D(R,, ) and
H(R,, =), respectively, and the coefficients ax (k=p—1, p—2, - - - ) are real
numbers. g denotes Green's function for H.

A similar theorem can be deduced for the neighborhood of 0. We introduce
the following terminology: A function #(x), defined and subharmonic in
H(0, R), is said to be of order less than p at the origin, if there exists a number
g<p such that

wH(z) = o(| 2|9 for x — 0.
With this definition the above mentioned result can be formulated as follows:

THEOREM 5. Let u(xi1+1ixs) be defined and subharmonic in H(0, R) and
satisfy (2.1) on D(0, R). Suppose further that u is of order less than p at the
origin, where p is a positive integer =2. Then, given any Ri <R, the following
representation holds in H(0, Ry)
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© 1 r—1 yk—l
w(x) =Im Y, axx* + Im [ - ]dvl(e,,)
D(0.Rp)

kaml—p X—y Keml xk

(4.21)

p—1 yk — )-,k
- 6090 — Re Z 2
H(0,Ry) =1 kx

Jdrsten.

Here vy and v, are non-negative Borel measures, of support D(0, R,) and H(0, Ry),
respectively, and the coefficients ar (k=1—p, 2—p, - - - ) are real numbers. g
denotes Green’s function for H.

This result is an easy consequence of Theorem 4. It can also be derived
directly making use of Brelot’s Theorem 2 [4].

Suppose that #(x) is of class A, being of order less than p at infinity. In
this case it might be of interest to have a representation for % which is valid
throughout H. Such a formula is obtained by means of the following argu-
ment: The reader will easily convince himself that if v(§) =S[«] is harmonic
in a neighborhood of 0, then # can be represented throughout H by (4.20),
the domains of integration D(R;, «) and H(R;, =) being changed into D
and H, respectively. If v does not fulfill this special assumption, then we con-
sider v*(£) =v(§) —f,.,|<1|£—n|"dy(e,,). Since v* is harmonic in |£| <1, we
conclude that T'[v*] is representable in the form (4.20). Making use, further-
more, of (4.4) and (4.7), we find that » admits the representation (4.20),
modified as follows: (1) D(Ry, ») and H(R;, ) have to be replaced by D
and H, respectively; (2) in both integrands the subtracted terms (finite
sums) have to be omitted for |y| <1; (3) ax=0 for k< —1.

The growth of the function % and the behavior of the measures »; and »,
are closely connected. By means of Brelot’s Lemmas 2’ and 4’ we find the
following properties. If « fulfills the hypotheses of Theorem 4, then the meas-
ure u, associated with v =S[u ], satisfies the following condition: There exists
a number s <p such that

(4.22) f | 7 |~*1du(e,) < .
Q(Ry,00)

Conversely, suppose that measures »; and », are given such that the cor-
responding measure y, to be determined from (4.5) and (4.8), satisfies (4.22)
for some s <p. Then (4.20) yields a function # which is defined and subhar-
monic in H(R;, =), of order less than p at infinity, and which satisfies (2.1)
on D(R;, «). (Of course, at the same time the coefficients a; are supposed to
have been chosen in such a way that the series )’ awx* converges in
|x[ >R1.)

It should be noticed that we did not make full use of Brelot’s theorems.
Our results could be refined by applying the precise statements in [4]. We
shall not go into this.

We limited ourselves to the case #=2. But the method works in higher
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dimensions as well. This generalization is also left to the reader.
We conclude with two applications of Theorem 4.

COROLLARY 1. Suppose that the function f(x) s regular analytic in H(R, = ).
If the imaginary part of f satisfies (2.1) on D(R, «) and s of order less than p
(positive integer =2) at infinity, then, for any given R,> R, the representation

2 = 3k / (M)[ S Javce

k=—c0 y—x k=1 y"“

holds in H(R:, «). Here v denotes a non-negative Borel measure and the coeffi-
cients ar, (k=p—1,p—2, - - - ) are real numbers.

We define: An analytic function f(x) is of order less than p if and only if
the subharmonic function #(x) =log | f(x)l has this property according to the
above definition. This convention agrees with the usual terminology in the
theory of entire functions.

COROLLARY 2. Suppose that the function f(x) is regular analytic in H(R, ©)
and satisfies

lim sup | f(x)| <1 (x € H(R, «))
z—Yy
for allyED(R, »). Assume further that f is of order less than p (positive integer
"22) at infinity. Let the zeros of f (enumerated in any order) be denoted by xXm
(m=1,2,3, ). Then, given any R1> R, f admits the representation

_ 1 k(_k _ xk)
f(x) = e ] [x xmexp {E u}],

k=1 kl xmlzk

|omI>R L — m
where
p—1 1 =1 gk
) = 3 ok 4 [ -5 o,
k=—cw DR LY — % k=1 Y

in H(R,, ). Here v denotes a non-negative Borel measure and the coefficients
ar (k=p—1,p—2, - - ) are real numbers.

This representation can be considered as an analogue of Hadamard’s
factorization theorem for entire functions of finite order (see e.g. [2, p. 22]).
It is obtained from Theorem 4 by letting » =log |f(x)| .
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